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Abstract
Fixed Field Accelerators (FFAs) are a promising candidate

for future high intensity machines such as ISIS-II. It follows
that the largely unexplored topic of coherent transverse beam
instabilities in these machines is of increasing importance.
Transverse instabilities, such as head-tail, can be mitigated
in synchrotrons by adjusting the chromaticity appropriately.
However, in scaling FFAs, the chromaticity is fixed at zero
by design. On the other hand, the relatively strong tune
shift with amplitude caused by the nonlinear field of FFA
magnets provides a source of Landau damping. Here we
evaluate the resulting Vaccaro stability region in the complex
tune shift plane comparing an analytical prediction based
on the extracted detuning with amplitude with the results
from numerical tracking simulations. Hence, the impedance
threshold of FFAs can be established.

INTRODUCTION
From the start of their development, the potential of the

FFA as a candidate for a future high intensity machine has
been recognized [1]. In synchrotrons the repetition rate is
limited by the ramp rate of the magnets. This restriction
does not apply in the case of FFAs where the magnetic field
is fixed, allowing high average beam power. In addition, in
FFAs it is possible to accelerate and stack several beams in
the machine before extracting, allowing high peak current
to be delivered. Recently, an FFA option for a future MW-
class neutron spallation source, namely ISIS-II, has been
investigated. The study of instabilities in FFAs forms part
of this work.

In this paper we focus on transverse coasting beam insta-
bilities. These are of particular interest in the case of beam
stacking where a coasting beam may circulate for several
acceleration cycles. In this case, even low growth rates may
be a concern. Indeed, one of the first experimental obser-
vations of a such an instability was made in an early FFA -
the MURA 50-MeV electron accelerator [2]. This was soon
followed by a paper that laid the foundation of transverse
instability theory for the coasting beam case [3].

The nonlinear field in scaling FFA magnets leads to mul-
tipoles of all orders. The octupole component results in
a linear tune shift with amplitude. This provides a source
of tune spread which can damp instabilities. Building on
earlier work (e.g. [4]), reference [5] treats Landau damping
of collective rigid dipole oscillations in the presence of a
two-dimensional betatron tune spread (i.e. including both
direct and cross terms in the tune shift with amplitude).
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Horizontal scaling FFAs feature a magnetic field scaling
as 𝑟𝑘 (where 𝑘 is the field index). Radial sector FFAs achieve
vertical stability via F/D magnets, allowing working point
adjustment but increasing the circumference due to reverse
bending in D magnets. Spiral sector FFAs use edge focusing
for vertical stability, avoiding reverse bends but restricting
the working point selection and tending to reduce dynamic
aperture with spiral angle. FD-spiral sector FFAs offer a
third option, combining F/D magnets with spiral edges [7] to
achieve a reasonable circumference, fully adjustable working
point, and sufficient dynamic aperture.

For the ISIS-II study the FD-spiral FFA is adopted both
for the production ring and for its 3-12MeV prototype, the
FETS-FFA [8] (named for its injector the Front End Test
Stand, FETS [9]) . In this study we take the FETS-FFA as
our test case since its design is more advanced. Although this
work centers on the FETS-FFA, the analytical techniques
and simulation approaches used are general in nature.

THEORY
In the case of a coasting beam and in the absence of tune

spread, a transverse dipolar impedance results in a complex
coherent tune shift Δ𝑄𝑐𝑜ℎ. In the presence of a transverse
tune spread Δ𝑄𝑐𝑜ℎ is modified. Assuming a spread in hori-
zontal tune 𝑄𝑥(𝐽𝑥, 𝐽𝑦) the coherent tune shift is given by the
dispersion integral
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where 𝜌(𝐽𝑥, 𝐽𝑦) is the distribution as a function of horizontal
action 𝐽𝑥 and vertical action 𝐽𝑦. An equivalent dispersion
integral applies in the vertical case. Solving Eq. 1 allows a
region of stability to be found where a positive imaginary
tune shift maps to a zero or negative imaginary tune shift
with tune spread.

In general Eq. 1 must be solved numerically. However,
an analytic solution exists in the case of a Gaussian beam
distribution and assuming linear detuning with amplitude
(i.e. corresponding to the tune shift given by an octupole).
Following the analysis of Ref. [5], a Gaussian distribution
in 𝐽𝑥, 𝐽𝑦 is defined as follows

𝜌(𝐽𝑥, 𝐽𝑦) = 1
𝐽4

𝜎
exp(−
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) (2)

where 𝐽𝜎 is the RMS spread of the beam in terms of action.
A linear tune shift with amplitude is assumed

𝑄𝑥(𝐽𝑥, 𝐽𝑦) = 𝑄𝑥0 + 𝑎𝐽𝑥 + 𝑏𝐽𝑦 (3)
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Figure 1: Horizontal (left) and vertical (right) cell tune shift with unnormalised amplitude 𝐽𝑥, 𝐽𝑦. The direct (e.g. 𝑞𝑥(𝐽𝑥, 0))
and cross terms (e.g. 𝑞𝑥(0, 𝐽𝑦)) are shown in blue and red, respectively. The tune shift along the line of equal amplitude
𝐽𝑥 = 𝐽𝑦 is also shown (black). The 𝜖 denotes a small amplitude added to generate a vertical betatron oscillation when
evaluating the cross term in the vertical case. The dashed lines show a linear fit to the first few points. Note the difference
in vertical scale between the two figures.

.

where 𝑄𝑥0 is the zero amplitude tune and the coefficients 𝑎
and 𝑏 depend on the tune shift coming from the direct term
and cross octupole terms, respectively. It is convenient to
define normalised coherent tune shifts with the RMS tune
spread 𝑆 = −𝑎𝐽𝜎,

𝑞𝑐𝑜ℎ = Δ𝑄𝑐𝑜ℎ
𝑆 , 𝑞 = 𝑄 − 𝑄𝑥0

𝑆 (4)

where 𝑞𝑐𝑜ℎ and 𝑞 are the coherent tune shifts without and
with Landau damping, respectively. The dispersion integral
can be rewritten in terms of 𝑞𝑐𝑜ℎ

𝑞𝑐𝑜ℎ(𝑞) = 𝑗
𝑇(𝑞) (5)

where 𝑇(𝑞) is the beam transfer function given by

𝑇(𝑞) = 𝑗 ∫
∞

0
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∞

0
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(6)

where 𝑐 = 𝑏/𝑎 is the ratio of the cross term and direct term.
The integral can be performed to obtain the solution

𝑇(𝑞) = 𝑗1 − 𝑐 − (𝑞 + 𝑐 − 𝑐𝑞)𝑒𝑞𝐸1(𝑞) + 𝑐𝑒𝑞/𝑐𝐸1(𝑞/𝑐)
(1 − 𝑐)2

(7)
where 𝐸1(𝑥) is the exponential integral 𝐸1(𝑧) =
∫∞

𝑧 𝑑𝑡 exp(−𝑡)/𝑡. 𝑇(𝑞) allows contours at fixed values of
Im(𝑞) to be drawn in the complex 𝑞𝑐𝑜ℎ plane (i.e. at
fixed growth rates). The area beneath the contour given
by Im(𝑞) = 0 is known as the Vaccaro stability region [6].
This approach has been used to calculate the stability region
produced by the Landau octupoles in the LHC [10,11].

FETS-FFA CASE
The lattice parameters used in this study is shown in Ta-

ble 1. It should be noted that the baseline lattice for the

Figure 2: Stability region in terms of coherent cell tune shift
Δ𝑄𝑐𝑜ℎ obtained by setting 𝑐 = −0.04 in Eq. 7 and assuming
RMS tune spread 𝑆 = 3 × 10−4 (blue) and 𝑆 = 6 × 10−4

(orange). The point on each line indicates the stability limit
when Re(Δ𝑄𝑐𝑜ℎ) = 0.

Table 1: Parameters of the 16-Cell FETS-FFA Lattice

Cell type FD-spiral
Cell opening angle 22.5∘

Reference radius 𝑟0 4.00 m
Spiral angle 45∘

k-value ∼7.7
Opening angle (F,D, short drift) 4.5∘, 2.25∘, 2.25∘

𝐵0(𝑟0) (F,D) ∼0.34 T, −0.3 T
Cell tune (H,V) (0.213, 0.212)

FETS-FFA has four-fold symmetry to obtain long drifts. In-
stead, we assume 16 uniform cells to simplify the lattice
specification.

To calculate the linear tune shift coefficients (𝑎, 𝑏) in Eq. 3
in the case of the FETS-FFA, a set of single particle tracking
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Table 2: Linear Tune Shift Coefficients a,b (Eq. 3) in the
16 Cell Symmetric FETS-FFA Lattice Along with the Ratio
𝑐 = 𝑏/𝑎

a (m rad)−1 b (m rad)−1 c = b/a
𝜕𝑞𝑥
𝜕𝐽𝑥

= 0.13 𝜕𝑞𝑥
𝜕𝐽𝑦

= −0.96 -7.65
𝜕𝑞𝑦
𝜕𝐽𝑦

= 14.86 𝜕𝑞𝑦
𝜕𝐽𝑥

= −0.65 -0.04

Figure 3: Mean vertical position as a function of cell pass
as calculated by Zgoubi combined with the PyHEADTAIL
anti-damper. The RMS tune spread 𝑆 is 3e-4. The gain of the
anti-damper is given by the imaginary tune shift. The case
where the anti-damper is not included is shown for reference.

simulations are carried out at various amplitudes 𝐽𝑥, 𝐽𝑦 from
zero up to the dynamic aperture. To improve the accuracy
of the tune calculation, the NAFF algorithm is used [12].
The results, in terms of the cell tune shift with amplitude,
are shown in Fig. 1. The linear tune shift coefficients are
given by the gradient of the fitted lines shown in the figure
multiplied by the number of cells. The results are listed in
Table 2. The 𝑐 parameter shown in the table for the vertical
case is used to generate the stability region shown in Fig. 2
for the case where the rms tune spread is 𝑆 = 3 × 10−4 and
a factor of two higher.

The predicted stability region can be compared to tracking
results by including an anti-damper in the simulation [13].
There are two main approaches to adopt when tracking. In
one approach the ring can be represented by a linear transfer
matrix with the amplitude detuning term added. Alterna-
tively particles can be tracked step-by-step through the mag-
netic field of the FFA thereby including the full nonlinear
dynamics of the machine. This is the approach we adopt in
this paper using the Zgoubi [14] ray-tracking code to do the
tracking. After each cell, the bunch coordinates are passed
to PyHEADTAIL [15–17] to apply the anti-damper step.

A bunch comprising 1000 particles is tracked through the
combined Zgoubi-PyHEADTAIL code for 2000 FFA cells.
The RMS action 𝐽𝜎 sets the tune spread via tune shift with
amplitude. Here we set 𝐽𝜎 = 25𝜋 mm mrad and 𝐽𝜎 = 50𝜋
mm mrad resulting in RMS cell tune spreads of 3e-4 and
6e-4, respectively (note, the distribution is truncated at 3𝜎).

Figure 4: Maximum of the mean vertical position over all
cells tracked as a function of the imaginary tune shift for the
case where the RMS cell tune spread is 3e-4 (blue points)
and 6e-4 (orange points). The baseline case, where no anti-
damper is included, is subtracted. The vertical lines indicate
the predicted stability limit in both cases (as shown in Fig. 2).

At these 𝐽𝜎 values, the assumption of linear tune shift with
amplitude is reasonable (see Fig. 1).

In Fig. 3, the mean vertical coordinate recorded after each
cell pass is shown in the case of RMS cell tune spread 3e-4.
Tracking is repeated for various anti-damper gain settings.
The phase of the anti-damper is 90∘ in each case, i.e. the
real part of the tune shift is zero. It can be seen that even
without the anti-damper, the amplitude of the oscillation is
not constant. If the bunch isn’t uniformly distributed around
the closed orbit, the mean coordinate will tend to vary cell-
by-cell giving rise to this effect. In the case of the highest
anti-damper gain (Im(Δ𝑄𝑐𝑜ℎ) = 0.003) the instability stops
growing after approximately 1800 cell passes. This coin-
cides with an increase in beam emittance, and hence an
increase in RMS tune spread, leading to the damping of
the instability. This is expected behaviour in machines with
nonlinearities.

In Fig. 4, the maximum ⟨𝑦⟩ over the course of tracking
is shown as a function of Im(Δ𝑄𝑐𝑜ℎ) when the RMS tune
spread is 3e-4 (as in Fig. 3) and when it is doubled. It is clear
that the increase in tune spread reduces the growth rate of
the instability. The vertical lines show the RMS tune spread
in each case. It is difficult to conclude from the tracking
results whether these correspond to the stability limit.

CONCLUSION
A preliminary investigation of the stability limit in scaling

FFAs has been carried out using Zgoubi as the tracking
code together with the PyHEADTAIL anti-damper. In order
to determine the threshold of the instability, the effect of
the varying bunch centroid due to non-uniformities in the
distribution should be addressed. By changing the phase of
the anti-damper, the full Vaccaro stability diagram can be
explored. It is also of interest to study horizontal instabilities
in the same way. Since the ratio of the cross-term to the
direct term is large in this case, the stability diagram will
look significantly different to the vertical case.
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