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Abstract
The auto differentiable simulation is a type of simulation

that outputs of the simulation include not only the simula-
tion result itself, but also their derivatives with respect to
various input parameters. It provides an efficient method to
study sensitivity of the simulation results with respect to the
input parameters. Furthermore, it can be used in gradient
based optimization methods for rapidly optimizing design
parameters. In this paper, we present the development of
a fast auto-differentiation module designed for integration
into numerous simulation codes.

INTRODUCTION
Recent studies within the particle accelerator community

have shown significant interest in auto-differentiable simula-
tion [1–6]. Unlike conventional simulation methods, differ-
entiable simulation not only yields the desired outcomes but
also computes their derivatives with respect to various given
parameters during the simulation process. These parameters
can encompass initial charged particle beam characteristics
or the accelerator lattice control and acceleration settings
employed in the simulation.

The derivatives obtained from differentiable simulations
offer quantitative insights into the sensitivity of the simu-
lation results to these parameters. Such sensitivities are
valuable for establishing tolerance limits for the correspond-
ing machine parameters in accelerator design. Moreover,
these derivatives can be utilized in gradient-based optimiza-
tion algorithms, such as conjugate gradient optimization, to
facilitate rapid accelerator design parameter optimization.

Automatic differentiation is a computational technique
that allows for the calculation of derivatives of complex
functions with respect to their variables by applying a set of
fundamental function rules. This technique avoids the need
for symbolic derivative representations or numerical approx-
imations. Instead, it breaks down the function evaluation
into a series of elementary operations and simple functions,
using the chain rule to combine the derivatives of these basic
components to determine the overall function derivatives.

It operates in two primary modes: forward mode and
reverse mode. For a composite function, forward mode
applies the chain rule from left to right (or inside to outside),
whereas reverse mode applies it from right to left (outside
to inside).

Auto-differentiation has found extensive application in
the artificial intelligence/machine learning (AI/ML) com-
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munity for training neural networks through gradient-based
optimization [7]. Several AI/ML frameworks, including Py-
Torch [8] and TensorFlow [9], incorporate this functionality.

Figure 1: Derivatives of final horizontal and vertical emit-
tances with respect to seven lattice parameters from the sin-
gle differentiable self-consistent space-charge simulation
and from the finite difference approximation to the first
derivative [4].

While the forward and reverse modes of automatic differ-
entiation can be implemented using tree structures in AI/ML,
the particle accelerator community has traditionally used
a method called truncated power series algebra (TPSA) to
compute high-order transfer maps in beam dynamics stud-
ies [10]. This method has also been recently applied to
differentiable space-charge simulation [4].

Figure 1 illustrates the derivatives of the final horizontal
and vertical emittances of a proton beam with respect to
seven lattice parameters of a drift, focusing, drift, defocus-
ing, drift (FODO) lattice. These derivatives were obtained
from a single differentiable self-consistent space-charge sim-
ulation and compared with the first derivative approximated
using finite difference methods with eight simulation re-
sults. The excellent agreement between these approaches
highlights the accuracy of auto-differentiation, which yields
exact results within computer precision, unlike the finite dif-
ference method that is subject to numerical truncation errors.
In this example, a Fortran version of the high-order TPSA
library was employed to compute the derivatives [11]. How-
ever, using the entire high-order TPSA library for first-order
derivative computation is inefficient and time-consuming;
in the aforementioned example, it took approximately 860
seconds on a supercomputer.

To address this efficiency challenge, we developed a fast
module specifically for auto-differentiable simulation. This
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new module achieved the same result in approximately 4
seconds for the example above, representing a speedup of
over 200 times compared to the standard TPSA library.

IMPLEMENTATION
Our fast module adopts the TPSA method but applies it

exclusively to the first derivative. This significantly simpli-
fies the arithmetic operations and the implementation within
the module. This approach is also known as the dual number
implementation of forward mode auto-differentiation in the
AI/ML community [12].

In the TPSA method, calculating a function’s derivatives
with respect to its variables is transformed into evaluating
the function of a vector-like variable according to specific
algebraic rules. For the first derivative in our module, we
define a TPSA vector variable 𝐹 where the first element
is the function value, and the subsequent elements are the
partial derivatives with respect to each variable of interest:
𝐹 = (𝑓 , 𝑓𝑥1

, 𝑓𝑥2
, ⋯ , 𝑓𝑥𝑛

). Here, 𝑓 is the function value, and
𝑓𝑥𝑖

represents the partial derivative with respect to variable
𝑥𝑖. For an individual variable 𝑥𝑖, its corresponding vector is
𝑋𝑖 = (𝑥𝑖, 0, 0, ⋯ , 1, ⋯), where 1 is located at the (𝑖 + 1)𝑡ℎ

element.
The addition rule for two vector variables 𝐹 and 𝐺 is

defined as:

𝐹 + 𝐺 = (𝑓 + 𝑔, 𝑓𝑥1
+ 𝑔𝑥1

, 𝑓𝑥2 + 𝑔𝑥2
, ⋯ , 𝑓𝑥𝑛

+ 𝑔𝑥𝑛
) (1)

The multiplication rule is:

𝐹𝐺 = (𝑓 𝑔, 𝑔𝑓𝑥1
+ 𝑓 𝑔𝑥1

, 𝑔𝑓𝑥2
+ 𝑓 𝑔𝑥2

, ⋯ , 𝑔𝑓𝑥𝑛
+ 𝑓 𝑔𝑥𝑛

) (2)

The division rule is:

𝐹
𝐺 = ( 𝑓

𝑔 ,
𝑓𝑥1

𝑔 − 𝑔𝑥1
𝑓

𝑔2 ,
𝑓𝑥2

𝑔 − 𝑔𝑥2
𝑓

𝑔2 ⋯ ,
𝑓𝑥𝑛

𝑔 − 𝑔𝑥𝑛
𝑓

𝑔2 ) (3)

The function of a vector variable ℎ(𝐹) can be represented
as:

ℎ(𝐹) = (ℎ(𝑓 ), ℎ𝑓𝑓𝑥1
, ℎ𝑓𝑓𝑥2

, ⋯ , ℎ𝑓𝑓𝑥𝑛
) (4)

where ℎ𝑓 denotes the partial derivative of ℎ with respect to 𝑓,
i.e., 𝜕ℎ/𝜕𝑓.

Based on these operational rules, we can define a special-
ized data type for this vector, along with its corresponding
operators and common special functions. Figure 2 shows a
section of the C++ implementation of this module’s class
definition.

APPLICATION EXAMPLES
In the following, we will present several application exam-

ples for the above fast auto differentiation module. Figure 3
shows a test example to compute a multi-variable function
𝑓 (𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5) = 𝑥3(2𝑐𝑜𝑠(𝑥1/𝑥2)+𝑥1/𝑥2 +𝑒𝑥2)+2𝑥4 +
𝑠𝑖𝑛ℎ(𝑥4) + 𝑥2

5 and its derivative with respect to these five
variables at variable space (3, 0.1, 0.1, 1, 1) location. The
function value and its derivatives are also printed out. In
order to use the fast AD module, we need to declare the

Figure 2: A section of the auto differentiation module class
definition in C++.

Figure 3: A C++ code showing the usage of the AD class
module.

function name and the five variable names as objects of the
AD class. The expression of the function form stays the
same. This shows that to use the AD module in a computer
program, we can keep most part the program except replac-
ing the original data type of the function and the variables
that one would like to compute derivatives with this new
data type.

In the second example, we examined how the Twiss pa-
rameters (𝛽𝑥, 𝛼𝑥, 𝛽𝑦, 𝛼𝑦) change after passing through the
FODO channel illustrated in Fig. 1. We specifically assessed
the sensitivity of these parameters with respect to seven key
FODO lattice parameters: the lengths of the first drift space
(D1 L), the first quadrupole (Q1 L), the focusing strength
of the first quadrupole (Q1 k), the length of the second drift
space (D2 L), the length of the second quadrupole (Q2 L),
the focusing strength of the second quadrupole (Q2 k), and
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the length of the third drift space (D3 L). For this analysis,
the normalized quadrupole strengths were set to 22 m−2 and
−22 m−2, respectively. We defined the relative change of a
Twiss parameter as 𝑥𝑑𝑇

𝑇𝑑𝑥 , where 𝑇 represents 𝛽𝑥, 𝛼𝑥, 𝛽𝑦, or
𝛼𝑦, and 𝑥 is the lattice parameter being varied. The results ob-
tained from our auto-differentiable simulation showed excel-
lent agreement with those calculated using the central finite
difference approximation (as shown in Fig. 4). Our find-
ings indicate that the beta function values exhibit the highest
sensitivity to the length and strength of the quadrupoles.

Figure 4: Relative Twiss parameter changes with respect to
7 lattice parameters from a single auto differentiable simula-
tion and from central finite difference approximation with
14 simulations.

The derivatives from the differentiable simulation can be
used with a gradient-based parameter optimizer for accel-
erator lattice control parameter optimization. In the third
example, we integrated the differentiable simulation module
with a conjugate gradient optimizer to attain the quadrupole
strengths inside a matching section in front of a periodic
FODO lattice. A schematic plot of the matching section
lattice and the periodic FODO lattice is shown in Fig. 5. It
consists of a periodic FODO lattice, a quadrupole match-
ing section, and another periodic FODO lattice. The four
quadrupoles in the matching section were used to match
the given Twiss parameters at the entrance to the second
periodic FODO lattice. The Polak-Ribiere conjugate gra-
dient optimization method [13] was used to minimize the
objective function that is defined as follows:

𝑓 (k) = (𝛽𝑥(k) − 𝛽𝑥𝑡)2

𝛽2
𝑥𝑡

+ (𝛼𝑥(k) − 𝛼𝑥𝑡)2 +

(𝛽𝑦(k) − 𝛽𝑦𝑡)2

𝛽2
𝑦𝑡

+ (𝛼𝑦(k) − 𝛼𝑦𝑡)2 (5)

where k is a set of control variables, 𝛼𝑥𝑡, 𝛽𝑥𝑡, 𝛼𝑦𝑡, and 𝛽𝑦𝑡
are the target Twiss parameters at the entrance to the periodic
lattice, and the 𝛼𝑥, 𝛽𝑥, 𝛼𝑦, and 𝛽𝑦 are the beam Twiss param-
eters computed from the differentiable simulation. These
Twiss parameters depend on the focusing strengths of the
quadrupoles inside the matching section. These strengths
are control variables in the above objective function. Using
the above differentiable simulation module, the first deriva-
tives of the objective function with respect to the four control
variables were obtained in addition to the objective function
value. These derivatives are used to construct a direction
conjugate to the gradient direction to guide the search for
the minimum solution. Figure 6 shows the evolution of the
proton beam’s transverse RMS size as it passes through the

Figure 5: Schematic plot of two periodic FODO lattices
and a section of matching section between them.

Figure 6: Evolution of Twiss beta function value through
the above lattice after optimal matching.

FODO lattice. As can be seen in the figure, the beta func-
tion transitions smoothly from one periodic FODO lattice
to another, achieved by optimizing the strengths of the four
matching quadrupoles.

We have implemented the above fast auto differentiation
module using a variety of programming languages: Fortran,
C++, Java, Python, and Julia. To evaluate the performance
of these different implementations, we measured the compu-
tational time required for a single particle to track through
1000 turns of a lattice composed of 100 periods of FODO
cells. Figure 7 illustrates the computing time as a function

Figure 7: Computing time as a function of number of control
variables with Fortran, C++, Java, Python, and Enzyme
library implemenation.

of the number of control variables for the Fortran, C++,
Java, and Python implementations. For comparison, we
also included the computing time obtained using the well-
known Enzyme package [14]. As the figure shows, the For-
tran implementation exhibited the best performance, closely
followed by the C++ implementation, which demonstrated
comparable performance to the Enzyme library. This is per-
haps expected, given Fortran’s highly optimized nature for
scientific computing. The Python implementation showed
the slowest performance, likely due to its interpreted nature,
which necessitates runtime translation.
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